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PEEFAOE 



THIS work has been prepared to meet a want felt 
by the author in a practical course on the subject, 
(^ arranged for advanced students in Physics. It is in- 

tended to be used in connection with lectures on the 
theory of Differential Equations and the derivation of 
the methods of solution. 

Many of the examples have been collected from standard 
treatises, but a considerable number have been prepared 
by the author to illustrate special difficulties, or to pro- 
vide exercises corresponding more nearly with the abilities 
of f^verage students. With few exceptions they have all 
b on t' jted by use in the class-room. 

G. A. Osborne. 

Boston, Feb 1, 1886. 
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CHAPTER I. 

DEFINITIONS. DERIVATION OF THE DIFFERENTIAL EQUA- 
TION FROM THE COMPLETE PRIMITIVE. 

1. A differential equation is an equation containing differen* 
tials or differential coefficients. 

The solution of a differential equation is the determination of 
another, equation free from differentials or differential coeffi- 
cients, from which the former may be derived by differentiation. 

The order of a differential equation is that of the highest 
differential coefficient it contains ; and its degree is that of the 
highest power to which this highest differential coefficient is 
raised, after the equation is freed from fractions and radicals. 

The solution of a differential equation requires one or more 
integrations, each of which introduces an arbitrary constant. 
The most general solution of a differential equation of the nth 
order contains n arbitrary constants, whatever may be its de- 
gi'ee. This general solution is cM^^. XhQ complete primitive ot 
the given differential equation. 

2. To derive a differential eqiiation of the first order from its 
complete primitive. 

Differentiate the primitive ; and if the arbitrary constant has 
disappeared, the result is the required differential equation. If 
not, the elimination of this constant between the two equations 
will give tlie differential equation. 



2 DERIVATION OF THE DIFFERENTIAL EQUATION. 

3. Form the differential equations of the first order of which 
the following are the complete primitives, c being the arbitrary 
constant : 

1. log(xy) -\-x = y + c. 

2. {l+^){l+f)=cx^. 

3. cosy=ccosic. 

4. y = c€"**""^' + tan~'a? — 1. 

5. 3^= (caj + loga;+ 1)"^ 

6. y = cx-\-c — (^. 

7. (y-^cy = 4ax. 

8. y2sin2a; + 2c2/-|-c2 = 0. 

9. e2y_^2ca;e»-f c2 = 0. 

4. To derive a differential equation of the second order from 
its complete primitive. 

Differentiate the primitive twice successively, and eliminate, 
if necessary, the two arbitrary constants between the three 
equations. 

5. Form the differential equations of the second order of 
which the following are the complete primitives, Ci and Cg being 
the arbitrary constants : 

1. y = Ci cos (ax + Cg) . 

2. y = Cie'"-\-C2e-'". 

3. y= (ci-}-C2x)e'". 

4. y = Cia^-\- 



C2 



X 

cosaa? 



5 . y = Ci sin nx + C2COS nx + 



7}^ — a^ 



DERIVATION OF THE DIFFERENTIAL EQUATION. 3 

6. The preceding process may be extended to the derivation 
of equations of higher orders from their primitives. 

7. Form the differential equations of the third order of which 
the following are the complete primitives : 

2. ye* = Cie^*-|-C2sina; V2 +CgCOSfl5V2. 

3. y = Ui + C2X -I- — je* + Cg. 

Form the differential equations of the fourth order of which 
the following are the complete primitives : 

4. y= (ci + C2ajH-C3aj2)e» + c4. 

6. x^-\- a^y = Cj e" + CjC"*" + Cg sin ax + c^ cos ax. 



CHAPTER 11. 

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
FIRST DEGREE BETWEEN TWO VARIABLES. 

General Form, Mdx -+- Ndy = 0, 
where M^ N^ are each functions of x and y. 

8. Form, XYdx -{- X'Y'dy=zO, 

where X, X\ are functions of x alone, and Y", F', functions of 
y alone. 

Divide so as to separate the variables, and integrate each 
part separately. 

9. Solve the following equations : 

1. (l-^x)yd^'{- (l—y)xdy = 0. 

2. (x^--yx')^-^y^ + xf=0.. 

ax 



3. 



dy ^ 1 -f y^ 
dx {l-{-a:^)xy 



4. a{x^-^2y] = Qey-^' 
dx J dx 



1^ 



6. {l-\-f)dx={y+^l-hf){l+cx^)Uy. 

6. 8inxcosydx=cosxsmydy. 

7. sec^x tsinydx -+■ sec^y t&nx dy = 0. 

8. sec^a;tanyd2/4-sec*2/t^'^^^^ = ^' 

9. gy + 1+y+./^o. 

dx 1 -{-X'{-Q^ 



HOMOGENEOUS EQUATIONS. 5 

10. Homogeneous equations. 

Substitute y = vx\ in the resulting equation between v and a?, 
the variables can be separated. (See Art. 8.) 

11. Solve the following equations : 

3. f'\-^-j-^^y-^' 
dx ax 

ax 

6. fljcos^' — = ^cos?i — a;. 
x dx X 

a 6. (Sy + 10x)dx-h(by + 7x)dy = 0. 

8. xco8^ (ydx + xdy) = ysm^(x dy — ydx). 

X X 

9. x-\-y-^ = my. 

dx 

(1), m<2; (2), m = 2; (3), m>2. 

^ c^y 

10. [ (ic2 - 2/2) gin ^ ^ 2 ^2/ cosa - 2/ V a;' 4- 2/ ] ^ 

= 2a^sina — (aj2 — 2/*)eosa4-ajV5M^. 

12. Form, 

{ax-\-hy-\-c)dx-\- (a^x-\-b'y -^&)dy = 0. 

Substitute a; = a?' + a, y = y' + Pi 

and determine the constants a, )8, so that the new equation be- 
tween X* and y' may be homogeneous. (See Art. 10.) 






6 LINEAR EQUATIONS OF FUiST ORDER. 

This method fails when — = — • In this ease put ax -\-by = z^ 

and obtain a new equation between x and z or between y and z ; 
the variables can then be separated. 



13. Solve the following equations : 

1. {Sy'-7x + 7)dx+ (7y --3x-^S)dy=0. 

2. (4a;-f 22/-l)^^-2.^•-|-2/4-l=0. 

dx 

3. %_J>f^_±_2^, 
dx Sx-\-by-\-Q 

4. (2y-\-x-^l)dx= {2x-\'iy-^3)dy. 



5. 2x^y + l + (x-hy -2)^ = 0. 

ax 



14. Linear Form^ • -^ -^ Py z= Q^ 

dx 

where P, Q, are independent of y. 

Solution, y = e'-^^'^'l J Qe^^^dx + c j- 



15. Solve the following equations : 

1. x-^ — ay = x-\-\, 
dx 

f 2. x{\-x^)dy^(2ix?-l)ydx=aa^dx. 

Ay 



dx 

4. -^4-1/006 05 = -sin 2 05. 
da; ^ 2 

6'. (1 +y^)dx— (tsin-^y — x)dy. 



EXTENSION OF LINEAR FORM. 7 

\^ dxj 

7. {l-\-x^)dy + (xy - -\dx = 0. 

\ V 

8. ^4.^^=<^^, 
dx dx dx 

where </> is a function of x alone. 

16. Form, ^-^Py=Qy\ 

dx 

where P, Q, are independent of y. 

Divide by y**, and substitute z^y^"^^. The new equation 
between z and x will be linear. (See Art. 14.) 

17. Solve the following equations : 

1. (1 — if^) -^ — icy = CMcy*. 

dx 
8. ^^2xy{aa^f--\). 

4. -^{pi?f-\-xy)^l. 

6. -^ + 2^eosa? = i/"sin2aj. 
da; 

6. (yloga;— l)2^c?ic = a?dy. 

7. aa^y*dy-^ydx = 2xdy. 

8. y — cosa;-^ =2^^cosa;(l — sinaj"). 

9. y-2-f 6v2= acosaj. 

dx 



CHAPTER III. 

EXACT DIFFERENTIAL EQUATIONS AND INTEGRATING 

FACTORS. 



28. Mdx + Ndy is an exact differential when 

dM dN 
dy dx 

The solution of 

Mdx-\- Ndy = 0, in this case is 

Cndx 4- ff ^- —CMdx\dy = c, 
or (Ndv + f/^-Sf - — CNd'u\dx = c. 



(1) 



J^,,+J^^.|J^,,),.= 



In integrating with respect to oj, y is regarded as constant, 
and in integrating with respect to j^, a; is regarded as constant. 

19. Solve the following equations after applying the condi- 
tion (1) for an exact differential: 

1. (7?-\'Zxy^)dx-^ if + 3ar^.y) dy = 0. 

2. (ic2 -. 4a^ - 2f)dx 4- {y^ -A:xy- 23^)dy = 0. 
8. fi^^\dx^^-ldy = 0. 



EXACT DIFFERENTIAL EQUATIONS. 9 



6. ^ +("1 ^— "1^=0. 

/ / 

9. e^(a^4-y*4-2a;)da;4-2y0*dy = O. 



/ / 

10. (mda! + «dy)8in(wia; + ny) = («di»+r»<iy)cos(na;4-»»y). 



/ / 



jj xdx + ydy ydai — xdy _ 

VTT^T? a!« + j^ 

(1), 9r>0; (2), 9r<0 and =-A;; (3), 9^ = 0; 
(4), a = 0; (5), 6 = 0. 

20. When Mdx-^Ndy is not an exact diflFerential, it may 
sometimes be made exact by multiplying by a factor, called an 
integrating factor. The following are some of the eases where 
this is possible. 

ZL. When Mdx + Ndy is homogeneous, -— -— is an in- 

Mx-\- Ny 

tegrating factor. This fails when Mx + Ny = 0, but in that 
case the solution is y = cx, 

22. Solve the following equations by means of an integrating 
factor : 

1. (a^4-2aj]/ — y*) dx= (ic* — 2 a?y — y*) dy . 



10 INTEGRATING FACTORS. 

8. {a?f -f a^) daj - (a^y + x^y^) dy = 0. 
4. a^dx-^- {Sa^y 4- 2f)dy = 0. 



6. (a? Va?^ + 2^ — «^) dy H- (ojy — y Vi?^-|- 2r^) c?a5 = 
(See Art. 11 for other examples.) 

23. Form, fi{xy)ydx+f2{Qcy)xdy = 0. 
1 



is an integrating factor. This fails when 



Mx — Ny 

Mx — Ny = 0, 

but in that ease the solution is xy=c. 

Another method of solving is to put ocyz=v^ and obtain an 
equation between x and v or between y and v. The variables 
can then be separated. 

24. Solve the following equations by means of an integrating 
factor : 

1. {1 + Qi!y)ydx-^{1 —ocy)xdy=:0. 

2. (a:^y^-^o(nf)ydx-\- {Qi^y^ — l)xdy = 0. 

8. (x^f 4- 1) (xdy-\' ydx) + (ix^y^ 4- xy) {ydx — xdy) = 0. 

4. (-Vxy — l)xdy — (^^xy -\-l)ydx = 0. 

6. (y + yVxy)dX'{- (x-\-x^/xy)dy = 0. 

6. e^(x^y^-\-xy)(xdy-\-ydx)-^ydx — xdy = 0. 

7. ajy[l 4-cot(a;y)](a:d2/ -\-ydx) -{-xdy — ydx^O. 

dM_dN 

25. When .^L_^ = ^(^), 

then e^ ' is an integrating factor. 



INTEGRATING FACTORS. 11 

dN dM 



^ , dx dy , . 

Or, when ^^ = ^ (y) , 

then e^ * * is an integrating factor. 



26. Solve the following equations by means of an integrat- 
ing factor : 

1. {x^ -{-y^ + 2x)dx -\-2ydy ^0. 

2. {^x'-f)^^2xy. 

3 dy^ a^-^f 
dx 2xy 



4. l(l-y)yl-x'^xy^dx+ [1 - ic* - a; VT^^] rfy = 0. 

5. (cos a; 4- 2y secy sec^2a;)da5-f (tan2a;seci/— sin«tan2/)d^=0. 

6. sin(3aj— 2y)(2dX'-dy) -\- sin (x — 2 y)dy = 0. 

7. The Linear Equation 

dx 
where P and Q are independent of y. 



CHAPTER IV. 

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
DEGREE CONTAINING THREE VARIABLES. 

General form, Pdx -+- Qdy -+■ Rdz = 0, 
where P, Q, R^ are each functions of x, y, z, 

27. If the variables can be separated, solve by integi^ating 
the parts separately. 

The equation is derivable from a single primitive only when 
the following condition is satisfied : 



pfdQ 
dz 



dy J \dx dz J \dy dxj 



The solution may then be effected by first solving the equa- 
tion with one of the parts Pdx, Qdy, Edz, omitted, regarding 
X, y, z, respectively, constant. 

Omitting Rdz, for example, we solve Pdx -\- Qdy = 0, re- 
garding z constant, and introducing instead of an arbitrary 
constant of integration, Z, an undetermined function ofz, which 
must be subsequently determined so that this primitive may 
satisfy the given differential equation. The equation of condi- 
tion for determining Z will ultimately involve only Z and z, 

28. Solve the following equations after appl3'ing the condi- 
tion (1) for a single primitive : 

1. _i^ + ^L + _^ = o. 

x — a y — h z — c 



EQUATIONS CONTAINING THREE VARIABLES. 13 

3. (y'^z)dx-^(z-^x)dy + (x-\-y)dz==0, 

4. yzdx -^zxdy -^ xy dz = 0. 
6« (y -^ z)dx -\- dy -^ dz = 0. 

6. ay^s^dx-^bz^a^dy -\-cx^y^dz = 0, 

7. zydx = zxdy -{-y^dz, 

8. (ydx-\-xdy)(a']~z) = xydz. 

9. {y + aydx-^zdy = (y-\-a)dz. 

10. (y'+yz)dx+(xz + z')dy + (y^-^xy)dz=^0. 

11. (2aj2 4- 2a;.v 4- 2a»2 4- l)c?a; + (i^^ + 22;(i2; = 0. 

12. {pi?y — ^— y22;)daj4- {xif-'Qi^z—oi^)dy'\- (xif^-\-x^y)dz = 0. 






CHAPTER V. 

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER, OF A 

DEGREE ABOVE THE FIRST. 

In what follows, » denotes -^* 

ax 

29. Wk&a the equation can he solved with respect to p. 

The different values of p constitute so many differential equa- 
tions of the first degree, which must be solved separately, using 
the same character for the arbitrary constant in all. 

If the terms of each of these separate primitives be transposed 
to the first member, the product of these first members placed 
equal to zero will be the complete primitive. 

30. Solve the following equations : 

1. p^-bp^-^^^O. 

2. ^p^--a^^O. 
^8. iBp2-a==0. 

4. xp^=\^x, 

6. 7?p^-\-^xyp-\-2y^^0. 

7. p^-\-2x[? — 2/*p* — 2xy^p = 0. 

8. p^'-{^-\-xy-\- jf)p^ -f {oc^y -f x^y^ -f ocy^)p — ar^^ = 0. 

9. p^ + 2py cotaj = y^. 

31. When the equation can be solved with respect to y. 
DiflPerentiate, regarding p variable as well as x and y, and 



EQUATIONS SOLVABLE WITH RESPECT TO X OR y. 15 

substitute for dy, pdx. There will result a differential equation 
of the first degree between x and p. Solve this equation, and 
eliminate p between its primitive and the given equation. 



32. Solve the 


following eqaations : 


1. 


x — yp = ap^. 


2. 


y = a^ + 2p. 


3. 


{^ + ypr = a\l+f). 


X4. 


y = xp+p—p^. 


5. 


(y-apy=l+p'. 


6. 


y = ap + bf. 


7. 


a? + y=f. 


8. 


y' = a?{\-\-I?). 


<> 9. 


y = p^ + 2f. 



33. When the eqvMion can be solved with respect to x. 
Differentiate, regarding p variable as well as x and y, and 

substitute for dx^ _Z. There will result a differential equation 

of the first degree between y and p. Solve this equation, and 
eliminate j[) between its primitive and the given equation. 



34. Solve the following equations : 




X 1. 


p^y 4- 2px = y. 




2. 


a; = 2) 4- log j9. 


■ 


3. 


p\7?-\-2ax) = a'. 




4. 


y?f = 1 4-^2. 




5. 


(a? — ai))2=l+j)2; 


also when a= 1. 


6. 


x = ap-\- hp^. 




7. 


my — nxp = yp^. 





1 



16 HOMOGENEOUS EQUATIONS. — CLAIRAUT'S FORM. 

35. When the equcUion is homogeneous with respect to x 
and y. 

Substitute y = vx. If the resulting equation between p and 
V can be solved with respect to v, the given equation comes 
under Art. 31 or Art. 33. 

But if we can solve with respect to », substitute for», v + x — , 

dx 

and there will result a differential equation of the first degree 
between v and x. 

36. Solve the following equations : 

1. xf{p^ + 2)=2pf + x\ 

2. (2^)4- l)x^y = ajV -f 23/i 
8. 4:0i^ = S('dy—px){y-^px), 

4. ds=(-^]dx-h(—) ^2^, where ds= Vl -hi?*' do?. 
\2xJ \2yJ 

6. (nx ^pyy = (1 +p'){f -h nx^) . 

37. Clairaufs Form^ 

y=px+f{p). 

The solution is immediately obtained by substituting p = c. 



38. 


Solve the following equations : 




1. 


1 wi 






2. 


y^px-}-p--p\ 




- 


3. 


f'-2pxy — l=p\l-- 


•a?). 




4. 


y = 2px-\-y^p\ 




Piit 2^ = y'. 


6. 


ayp^ + {2X'-b)p=zy. 




Put f=^y\ 


6. 


oi^(y-'Px) = yp^. 




Put 2/* = y, x^ = x^. 


7. 


«*'(!> -1)+1>V«' = 0. 




Put €' = «', e» = y. 


8. 


(pX'-y)(py + x) =h^ 


>. 


Put v* = t/', aj2 = aj'. 



CHAPTER VI. 



SINGULAB SOLUTIONS. 



39. A singular solution of a differential equation is a solution 
which is not included in the complete primitive. Differential 
equations of the first degree have no singular solution. Those 
of higher degrees may have singular solutions, which may be 
derived either from the complete primitive, or directly from 
the differential equation. 

40. Let /(a?, y, c) = be the complete primitive. 

By differentiating, regarding c as the only variable, obtain 

-^ = 0. If we eliminate c between this equation and the prim- 
ed a 

itive, the result will be a singular solution, provided it satisfies 

the given differential equation. 

41. Let /(a;, 3/, i?) = be the given differential equation. 
By differentiating, regarding p as the only vaiiable, obtain 

-i = 0. If we eliminate p between this equation and the given 

differential equation, the result will be a singular solution, 
provided it satisfies the differential equation. 

42. Derive the singular solution of the following equations, 
directly from the given equation, and also from the complete 
primitive : 

1. yz=zpx^—' 

2. 2/8-2a^p + (l+i»')/>'=l. 



18 SINGULAR SOLUTIONS. 

4. y = (a;— l)p— p2 

6. y(l'hp^) = 2xp. 

6 . ic2p2 _ 2 ( CC2/ - 2 ) p 4- y2 _ . 

7. (3/ — op) {mp — n) = mwp. 



> 



DIFFERENTIAL EQUATIONS OF AN OflDER 
HIGHER THAN THE FIRST. 
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CHAPTER VII. 

LINEAR DIFFERENTIAL EQUATIONS. 

General Form, 

the coefficients Xj, X2, ... X„ and X being functions of x alone 
or constants. 

43. Linear equations with constant coefficients and second 
member zero maj' be solved as follows : 
Substitute in the given equation, 

d*V „ d^~^y n 1 dy 01 

cZa?** dic**"^ dx 

There will result an equation of the nth degree in m, called 
the auodliary equation. Find the n roots of this equation ; 
these roots will determine a series of terms expressing the 
complete value of y as follows, viz. For each real root mi, 
there will be a term Ce"*i' ; for each pair of imaginary roots 
a ± 6V— 1, a term e"*(^sin6a;-hBcos6aj) ; each of the coeffi- 
cients -4, 5, (7, being an arbitrary constant if the corresponding 
root occur only once, but a polynomial Ci-hC2a;-hC8a:^««»+ c^^'^^ 
if the root occur r times. 



20 LLNEAB EQUATIONS. 

44. Moots of auxiliary equation ^ real and unequal* 
Solve the following equations : 

1. g = aV 

3. a^=^. 

dair dx 

4. af^ + yUlO^. 

\d9ir ) dx 

da? dx " 

r. % _ 4* 

9. ^=7^-6y. 

10. ^ + 272, = 12g. 
(for dar 

11. g_2(a' + 6')g+(a«-6«)'| = 0. 



45. Roots of auocUiary equation unequal^ but not all real. 
Solve the following equations : 

1. g + . = 0. 
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dor ax 

(1), when a>6; (2), when a<b. 

4. ^ _ 4a6 ^ -f (a^ + b^y = 0. 
dar dx 

5. g|-21ogaf^-h [l + (loga)Ty=0. 
aor ax 

6. ^ + 2^ = 0. 
do^ da? 

7. ^ = 2,. 

8. ^ + ^ + ^ = 3y. 
dar dar ckb 

10. g + 2|5-8y = 0. 

11. -^4-4a*y = 0. 
dar 

14 ^ = v 

46. Auodliary equation containing equal roots. 
Solve the following equations : 
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2. ^ = 0. 

4. ^_3^ + 42, = 0. 
da;' dar^ ^ 

daj^ c?a^ da? 

da;* dar 

da^ da;^ da;^ da? 

8. ^_4^-f 14^-20^-f-252/=0, the first 

daj* dar dar da; 

member of auxiliary equation being a perfect square. 

9. ^+t:li=o. 

47. Linear Equations with constant coefficients and second 
member not zero. 

There are two methods df solution : 

First. Method of Variable Parameters. — Solve the 
equation by Art. 43, regarding the second member as zero. 

Supposing it to be of the 7ith order, this value of y will con- 
tain n arbitrarv constants. Derive from it the successive 

ftr 

differential coefficients, -^, — f, ^ ; then differentiate the 

da? dar daf~^ 

values of y, -^, — ^, •••- — ^, regarding the arbitrary constants 

CtX CLQCi Q/X 

alone as variable, and place these n results equal to zero, except 
the last, which put equal to the second member of the given 
equation. These n conditions will determine expressions for the 
n arbitrary constants, which are to be substituted in the original 
expression for y. 
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Second Method. — By successively differentiating the given 
equation, obtain, either directly or by elimination, a new differ- 
ential equation of a higher order with the second member zero. 
Solve this by Art. 43, and determine the values of the super- 
fluous constants so as to satisfy the given differential equation. 
In this last work of determining the superfluous constants all 
the other constants may be regarded as zero. 



48. Solve the following equations : 

2. ^-2^ 4-2^ -2^ 4-2/ = a. 
cfcc* da^ da^ dx 

dar dor dx 

dx"" ^ 

6. ^ + n2y= 14-3^4-^. 

7. -TT — 2a-^ 4- a^i^ = e* ; also when a = 1. 
dxr dx 

8. r— 4- n^y = cos ax ; also when a = w. 
dor 

9. -TT — ^-T^4-6y = e***: also when n = 2, or n = 3. 
dor dx 

10. g|_3§^ + 23, = a^~ 

11. g_-9^4-20y = ic2e«-. 

12. — T 4- 4 V = a? sin^ic. 
doer 
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13. -— f + 2-— | + 2/ = aJ^cosaaj; also when ass 1. 

14. ^ _ 2^ + 4y = e-cosaj. 
dor dx 

49. Linear equations of the form 

where -4i, -^j, •••-4„ are constants, and X a function of a? alone. 

Put a -{'bx = &, and change the independent variable from 
X to t. The new differential equation between y and t will be 
linear with constant coefficients, and may be solved by Art. 47. 

50. Solve the following equations : 

dar dx 

2. (^ + «)'0-^(^ + «)2+^.V = ^- 

3. (a 4- bxY^ + b(a + bx)^ + h'y = 0. 

dar da; 

4. a^ — ^ — a;-^-f 2y = ajloga;. 

dor dx 

6. (2a;-l)»g + (2a;-l)g-22, = 0. 

6. 16(a;+ ir?| + 96(a;+ l)»f|+ 104(x+ l)»f| 

cto* (for dar 

+ 8(ir+l)^ + 2/ = a!2 + 4a! + 3. 

7. a-^ + 6^^ + 9a^g + 3^f^ + y = (l+logx)». 

da^ dar* dor dx 

8. a?^-(2m-l)a?^ + (m« + ^i*)y = n2aflogaj. 

dar da? 



CHAPTER Yni. 

SOME SPECIAL FORMS OF DIFFERENTIAL EQUATIONS OF 

HIGHER ORDERS. 

51. Form, — -^ = X, where X is a function of x alone. 

doif 

The expression for y is found b}' integrating X successively 
n times with regard to x. Or solve by Art. 47. 

52. Solve the following equations : 

1. x^=2. 



2. 



d'y_ 



3. ^=ar. 
dx^ 

4. — ^ = a;cosa:. 
dx^ 

5. e"" — f + 4cosa;=0. 

dor 

6. — ^ = xe', 
doiT 

7. — V = sin^a;. 
dor 

53. Form, — ^ = F, where F is a function of y only. 

Multiplying both members by 2-^, and integrating, we have 

dx 



%Y=:2 Crdy-hci. Therefore x= C ^ 



-hcj. 



J < * 
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54. Solve the following equations : 
1 ^-a*« 

2. g = -aV 

3. ^g = a. 

4. ^ = e-'. 



5. 



5^ = _L-. 



Equations not containing y directly. 

By assuming the differential coefficient of the lowest order in 
the given equation equal to 2, and consequently the other differ- 
ential coefficients equal to the successive differential coefficients 
of z with respect to a?, we shall obtain a new differential equation 
between z and a; of a lower order than the given equation. 

56. Solve the following equations : 



1. x^ + ^^o. 
cb? dx 

da^ \dxj 

3. ^ _ x^ =ff^\ 
dx dor \doirJ 



•• <'+-)0^'KS)*=''- 
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7. 



8. 



9. 



10. 



^ ' da? dx 

dar dor Kdoir 



da^ doc^ \ da^J 
da^ \dxj 



HM 



57. Equations not containing x directly. 

By assuming -^ = «, and consequently 

ax 

changing the independent variable from a; to ?/, we shall obtain 
a new differential equation between z and y of a lower order than 
the given equation. 



58. Solve the following equations : 



1. 



2. 



3. 



4. 



8. 



6. 



y 



d' 



da^ \dxj 
,(l_log,)0+(l+log,)(|J=O. 



da;/ KdafJ \dx. 



fdyy_ y^^dy f[(dy\-\ d^l 
\dxj "da? dx •' \\dx) da?} 

\dixrj • \dxj dx dor \dxj daf 



CHAPTER IX. 

SIMULTANEOUS DIFFERENTIAL EQUATIONS. 

59. Simultaneous differential equations of the first order. 

There should be n given equations between n + 1 variables. 
Selecting one of these for the independent variable, we may, by 
differentiating the given equations a sufficient number of times, 
eliminate all but one of the dependent variables and their differ- 
ential coefficients. The resulting differential equation between 
two variables must be solved b}' the methods previously given, 
and from its primitive and the given equations may be obtained 
the values of the other dependent variables. The complete 
solution will consist of n equations containing n arbitrary con- 
stants. 

In general, if we differentiate the given equations w — 1 times 
successively, we shall have in all n^ equations, which are just 
sufficient for the elimination of n — 1 variables, together with 
their w(n--l) differential coefficients. Shorter processes for 
the elimination will frequently suggest themselves in special 
cases. 

60. Solve the following simultaneous equations : 



1. 



dt 4 ' 

dt ^ 



2. -da. = _jSL_ = _A_. 

32/-h4« 2y-\-5z 

3. -J^=.-^^y- = dt. 
y — lx 2x-\-by 
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ax 



4. < 



dx 



-\-az=0. 



5. 



fdx 
dt 

dy 
dt 



+ 5aj + y = e', 



4-32/ — aJ= e^'. 



6. 



do; 



i?2^^ 



2y — 5a;4-e* a; — 6y-fe^' 



= (i^ 



7. 



8. 



I 



dt dt ^ 

3^ 4. 7^. + 34 a; 4- 382/ = e*. 
dt dt ^ 

4^ 4. 9^ + 11 a; 4- 31^ = 6*, 
3^ 4- 7^ +8aj 4- 242/ = e^ 



9. 



''4— + 9^ 4- 2a? 4-312/ = 6*, 
dt dt ^ 

3^4-7^4. a; + 242/ = 3. 
^ dt dt 



10. 



d^ r ^^ 

Jf + i(a. + 52/)=«. 
a^ t 



( tdx=z (< — 2a?)d^ 
\tdy= {tx-^ty-{'2X'- 1) dt. 
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fdx 



12. 



mz. 



13. 



dt 

— = mx — ly, 
dt ^ 

lt— = mn(y — z), 
at 

mt -^ =^nl {z — x) ^ 
dt 

dz 
nt^^lm^x — y), 

dt 



61. SimvUaneous differential equations of an order higher 
than the first, 

Bj differentiating the given equations a sufficient number of 
times, we may eliminate all but one of the dependent variables 
and their differential coefficients, and thus obtain a differential 
equation between two variables, which must be solved by the 
appropriate methods. Its primitive, together with the given 
equation, will enable us to determine the values of the other 
dependent variables. The general solution will contain a num- 
ber of arbitrary constants equal to the sum of the highest orders 
of differential coefficients in the several given equations. 

62. Solve the following simultaneous equations : 

(d^x 



1. 



2. 



dt^ 

fy_ 

^ df 

' d^x 
df 

df 



-hn*aj = 0, 



— n^x = 0. 



3a;-42/ + 3 = 0, 



-ha; + y + 5 = 0. 



SIMULTANEOUS EQUATIONS OP HIGHER OBDEBS. 31 



3. 






-3aj-4y + 3 = 0, 



^o..- 



d^ 



-haJ-8y-f5 = 0. 



d^ 



+ n«2/ = 0, 



IdC 



6. 



2^ + 4^-3^ = 0. 
ax ax 



6. 






n«)« = 0, 



-n2)t/ = 0. 



7. 



da^ 
d^z 



4^ + 4^ 
dar* dec* 



-y=o, 



-4 



da?* c2a5* 



^4.4^ 



— 2 = 0. 



CHAPTER X. 



GEOMETRICAL EXAMPLES. 

63. Expressions involved in the examples, p representing 

-^, and q representing — f . 
dx dixr 

a 

y 

Subtangent =-. Subnormal =^py. 

. ds 

Normal = y VI -\-p^* "T" = V 1 -\-p^. 

I 
Intercept of tangent on axis of X=x . ! 

Intercept of tangent on axis of Y=^y ^px. 



Radius of curvature = q: 



1. Find the curve whose subtangent varies as (is n times) the 

abscissa. 

2. Find the curve whose subnormal is constant and equal 

to 2 a. 

3. Find the curve whose normal is equal to the square of the 

ordinate. 

4. Find the curve for which s = mx^. 

6. Find the curve for which s^ = y^ — a?. 

The ortkogonal trajectory of a series of curves is a curve 
that intersects them all at right angles. 

Describe the curves represented by the following equations, 
and find their orthogonal trajectories : 

6. y = mx^ m being the variable parameter. 



1 
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7. y^=2aa; — ar^, a being the variable parameter. 

8. 2/^ = 4aa;, a being the variable parameter. 

9. xy = A:^, k being the variable parameter. 

10. —+^=1, 6 being the variable parameter. 

11. aj^ + m^'if = m^a^, a being the variable parameter. 

ex? ly 

12. -f ^ = 1 , h being the variable parameter. 

The three following examples require the singular solution : 

13. Find the curve such that the sum of the intercepts of the 

tangent on the axes of X and Fis constant and equal to a. 

14. Find the curve such that the part of the tangent between 

the axes of X and Y is constant and equal to a. 

15. Find the curve such that the area of the right triangle 

formed by the tangent with the axes of X and Y is 
constant and equal to a^. 

The following examples require the solution of differential 
equations of the second order : 

16. Find the curve such that the length of the arc measured 

from some fixed point of it is equal to the intercept of 
the tangent on the axis of X. 

% 17. Find the curve whose radius of curvature varies as (is n 
times) the cube of the normal. 

A 18. Find the curve whose radius of curvature is equal to the 
normal ; first, when the two have the same direction ; 
second, when they have opposite directions. 

19. Find the curve whose radius of curvature is equal to twice 
the normal ; first, when the two have the same direction ; 
second, when they have opposite directions. 



Al^SWERS. 



Art. 3. 



^ dx J 



1. 
2. 
3. 
4. 
5. 



y{\ '{•x)'\-px{\—y) — Q, 6. y =px-{-p^p^. 

{t? ■\'V)pxy = 1^ -\-\. 7. 7yp^ = a, 

taua;=ptany. 

(1 -|-a^)p + y = tan~^a;. 

(ylogaj — 1)2^=^. 



8. p^ ■\'2pycoix=^y^. 

9. a^i)2^1+i)^ 



Art. 5. 



2. 



da? 



+ a?y = 0. 
- a^y = 0. 



4. 0^^-0.^ = 3^. 
dsf dx 



5. 






-l-n'*^ = co8aa;. 



dor dx 



1. ^ = 7^-6v. 



Art. 7. 



da^ 



(2a; 



4. *2^_3^ + 3^-^=0. 
dx^ dix? do? dx 



2. 


da^ do? dx 


6. J a^,-a^. 


3. 


da^ "do? * dx 


Art. 9. 


1. 


log (a^) + i» - 2^ = c. 


3. (1-f a^)(l+2/') = ca?. 


2. 


xy +l^gi = ^- 


4. o?y = ce'^. 
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6. iog[(2/+vrT?)vrT?]=— ^+c. 

VI +ar 

6. co82/ = ccosiK. 8. sm^x-^s'm^y^c. 

7. tan a; tan 2/ = c. 9. xy — 1 = c{x-^y + 1) 

Art. 11. 

,9 



— ■in: 



1. y = ce ». 5. x = ce' 

2. y = ce-\/i 6. (y + xy{y + 2xy = c. 

3. 2/ = c€'. 7. log (»!= + /)= 2 tan-'- + c. >'*'^-e 

4. ic2 = c2 + 2c2/. 8. xyco&^ = c. 

X 

ft /^N 1 / 2 . 2\ I 2m . 1 2y — mx 

9. (1), log(a;2~ma;?/ + y0 + -7===tan ^ '^ .^ = c 

V4: — m'* ^ V4: — m'* 



(2), x-y = ce 



X 



(3), 



(2y — ma; + xy/nn^ — A)' ^^ 



(^y-mx- x-y/wF^^^Y'^'^^^^^ 
10. ysina — a;cosa-|- V5M^^ = c(aJ^ + 2/^). 

Art. 13. 

1. (y-aj + l)% + a;-l)* = c. 

2. a; + 2?/-|-log(2aj-|-2/-l)=c. 

3. a;-f 52/ + 2 = c(ic-2/4-2)*. 

4. 4a? -82/ = log (4a; + 82/ -f 5) +c. 

5. log[2(3a;-l)24-(32/-5)2]-V2tan-i:^^|i?^|ii=c. 
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Art. 15. 
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X 1 o .. ^ , .^vi-^ 



1. y = caf + —^ 3. y = ——=-hce 



2. y = ax-\-cx'\/l — ar^. 4. y = smx — l+ce 



— sinx 



6. a; = tan~^2/ — 1 + ce 



— tan ^ » 



6. •(x+-y/a^'\-x')y=anog{x+^a^'h^) + c. 



vT+^-1 



7. 2/ Vl +ar^ = log -^^-^--^^ +c. 

a; 

8. 2/ = ce"*-|-<^ — 1. 

Art. 17. 

1. 3, = (cVr=:^-a)-^ 3. 2/ = p'' + |(2a^ + l)1 

I 

2 

2. 2r^ = c6--^±i-^. 4. x = ^-; 



-i 



a a' 



6. y-«+i = c6<"-^^""' + 2sina;4- 



2 



n-1 



6. 2/ = («» + loga;+l)-\ 



-, in-\-2)y^ Q „ tana; + sec a; 

7. a?= ^ To • ^* ^ = — ^ — r:; — 

9. (462 + l)2^ = 2a(sina; + 26cosa;)4-ce 



-2&a; 



Art. 19. 

1. «* + 6ar^i/2 + 2^* = c. 6. a;2^.2,2^.2tan-^| = c. 

2. a;8_6aJJ2^_ 6a?/ + 2/^ = 0. 6. f==(?-'2cx. 

8. a?'^ - t/' = ca;. 7. a2^y2^. 2sm-^^ = c. 



4. Q^-y^^cf. 8. a? + 2/e»' = c. 
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10. cos {mx + ny) + sin (nx + my) = c. 

11. ViT^T? + tan-i-==c. 

»7 

12. (1), log^l2^|±r^=2W^^^^ 

ic* V^ — y "Vb ^ 

(2), tan->i^ + ^:^ = c. 
Of Vie « 

(3), afA-l)=c. 

(4), V y+yV6 ^^^^,^ 



Art. 22. 

2, a^ — y^ + xy = c. 5. y = cx. 

3. y = caj. 



Art. 24. 



1 



1.0; = eye"*. 4. — p= = log — 

Vic.y y 

2. yz=zce^. 5. xy = c. 

^' ^ - ^ = ^^g^3r^- 8- a^e«»' = log^. 

7. ajy -f log sin (a?y) = log — 

if 

Art. 26. 

1. e(a?^f)=c. 3. a^-f = cx. 

2. x^--f = cy^. 4. yVn^-fa;(l-y)=c. 



r 
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6. sina;cosy-|-2/tan2a? = c. 6. 8m^X8m2 (x-^y) =s c 

7. y = e-'^^*^jQ/^*daj + A 

Art. 28. 

X 

1. (x — a){y—b){z — c)=:c'. 7. z = c^. 

2. aj2+22/2-6a^- 20X2+2^=0. 8. a^ = c(a-f2;). 

3. y»-f-2;a; + a^ = c. 9. « = — 7—-hc. 

4. xyz=^c. 10. y(a;-f-2) = c(y-f «). 

5. e'(2/ + 2;) = c. 11. ^ {x -{- y -\' z") ^ c. 

6. ^ + - + - = 0'. 12. ^±f + ^-±^ = c. 
X y z X y 

Art. 30. 

1. (2^-2aj + c)(2/-3aj + c)=0, or (5 a?- 2y + c)' = aj'. 

2. (y + c)2=:a2(loga;)2. 3. (3/-f-c)2=4aaj. 

6. {xy-\-c){ix?y-it-c)=^0. 

6. (i»'-2y4-c)[e«(aj + y-l)-f-c]=0. 

7. (2^ + c)(2/H-a;' + c)(a^ + C2^+l)=:0. 

8. (a;^-32/ + c)(e2+cy)(ay + cy+l)=0. 

9. 2/^sin^a5 + 2cy + c^ = 0. 

Art. 32. 

P , 

1 . Eliminate p by means of x = -—==: (c + a sin~^p) . 

Vl —p^ 

2. Eliminate p by means of a;(p — 1)^ = logp^ — 2p + c. 

3. Eliminate p by means of aj = , [cH h atan~^p ). 
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4. 2/ = ca: -f- c — c^. 



5. a? = alog {ay ±.^a^'\-y^ — 1) + log {y q: Va^ + y^— 1) 4- c. 



6. a; ± Va^ H- 4 6^/ = alog (a ± Va^ + 4 62/) + c. 

7. c(2y±a;V^^+7)^"= ±4 Vg+j -a;( Vg-l) 

± 4 Va;* + «/ + a; ( Vl7 + 1)' 



[. 



^* 2/ "V^^/^ — ar^ — a^ log 



y + VjV^ — aT 



a; 



= (2/2 + aj21og ca^)2. 



9. 4(aj-|-c)«+(a;-|-c)2-182/(a;-f c) — 272/2_4y^ q^ 



Art. 34. 



1. 2/^ = 2ca? + c2. 



2. aj-f 1=:± V2yH-c + log(± V2y-f-c— 1). 

3. (e" — ac)2=2ca;e«. 

4. e-^4-2ca;e»'-|-c2 = 0. 



a — 1 
when a=l, 42/ = a^ — log (ca:^). 

6. 52(6y + c)2+(6a5a;-fa«)(62/ + c)-3a2a^-166a^ = 0. 

7. c (na^4- 22/2 ± a; V/iV+4my^)"= [(2m— n)aj±-\/w2a;2-f 4m^]^. 

Art. 36. 

1. (a52-2/' + o)(a^-y' + ca;*) = 0. 

2. ( V« — Vy H- c) ( V^ — Vy + ca;) = 0. 
8. 3x* + 6cx2/ + c2=0. 

4. (2/-aj)^±^2^c(V2/ + V«)». 

5. x2*^+2ca*-iy-c^ = 0, where A = ^^^- 
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Art. 38. 



1. y=.cx + ^' 6. 42^=2c(2aj-6) + ac2. 

c 

2. y = cx-^c-(^. 6. f = cx^ + c^. 
8. (y-cxy==l+€?. 7. e»' = ce' + c^. 

4. v2 = caj + — • 8- f-'<^ = '"^' 
^ 8 c-l-1 



Art. 42. 

Complete Primitives and Singular Solutions: 

1. v = caJH--, f = 4:mx. 

c 

2. (y-.cic)2=l-c^ y2_aj2^i. 



4 a' 



8. 3/ = c(aj.-c)S 2^"=^* 

4. 2/ = c(aj-.l)-c2, 42^= (»-!)«• 

6. (2/-ca;)2+4c = 0, a^=l. 

7. (2/ - caj) (mc - w) = mnc, (^Jj ± ^|j =1. 

Art. 44. 

ox bx 

2.' 2/ = Cie3=« + C3e*^ 6. 2^ = Cie* +C2€'*. 

3. 2/ = Ci^" + <'2- 7. y = Cie^' -h CiB-^' + c^. 

4. 2^ = Cie^* + C2C3. 8. y = Ci6^* + C2e-2* + C8. 

10. 2/ = cie^* + Cae-** + Cgc*^® + c^e-'^^ 
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Art. 45. 

2, y= e^*(cisin2iK4-C2COs2a;). 



8. When a>&, 2/ = e"'(cie^v^-^H-c2e-^v«*-6») ; 

when a < &, y = e'*'(ci sin x V6^ — a^ -|- C2 cos x V6^ — a*) . 
4. 2/ = e*"^ [ci sin (aF^b^)x + C2 cos (a^ — b^) a?] . 
6. y = a* (Ci sin a; + Cacos ») . 

6. ?/ = CisinajV2 -|-C2C0saj V2 + C3. 

-V . xVS , xVS' 

7. y=cie»= + e 2^C2Sin-^ + C3Cos— 

8. ye' = Ci€^'^C2sinxy/2-{'C^cosx^/2, 

9. 2/ = Cie*-|-C2e~'H-C3sinaj-f C4eos». 

10. y = Cie*^2 ^ C2e-"^^ + Cgsin 2 » + C4C0S 2 aj. 

11. 2/ = e*" (ci sin aaj + Cg cos oa:) -+-e~'"(cosinaa; + €400800:). 

12. 2/ = Cie* + C2e-' + (cge^ + €46 2) sin*^ ^ ^ 



+ (Cges + Cee 2) cos 



2 

a?V3 

- - ■ ■ ■ ■ • 

2 



*^?/ 



13. y = Cisina;-|-C2Cosa; + e ^ f C8sin- + C4Cos- 

+ e 2 /c58in- + C6Cos-J. 

— 5/ X a* \ 

14. V = Cie*+ C2e~*+ CgSina; + C4C08a?+e^7 c^sin f-CeCOS- — ) 

V V2 V2/ 

« ^ 

4-e ^2f(. gin 1- Co COS — 

' V2 V2> 



Art. 46. 
1. y= (ci + C2x)e'*'. 2. 2/ = Ci-fC2a?. 

8. y = Cie*'H-C2 + C8aj. 4. y=^Cie~'+(c2 + Csx)€^'. 
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5. y==Cie-'H- (C2-|-C3a;)e'. 

6. y = (Ci + Cgic) cos nx -\- (cg + c^x) sinna;. 

7. 2/= (ci + C2aJ + C3iB^)e* + C4. 

8. y = e'[(ci-i-C2ic)sin2a;-i- (cg 4-^4 3;) cos 2 a?]. 

9. y=:Ci + C2a;-f Csor^... +c«_2a^"^ + Cn-i8ma:4-c„cosa;. 

Art. 48. 

1. y = Cie^' + C2e'"+ ^^^ • 

2. 2/ = Cisina; + C2COS«H-(c3 + C4a;)e* + a. 

3. 2/ = Cie«H-C26-"-^4^- 

a- 

5. i/ = Cie*' + C2e~'"-i-C3sinaaj + C4COsaa; j- 

1 4- x4- aj^ 2 

6. v = Ci sin nic-i-C2 COS 7105 H t r* 

7. y = (c, + C2a;)e-+ _5^^2 > 

when a=l, y = (ci + C2« + -r- V. 

A . , , cosoo; . 

8. v = CiSinna;-f-C2COsna;+-r r; 

TV — or 

, ccsinna? 
when a = n, 2^ = Cj sm nx + Cgcos na; + 



2n 



e"* 



n^ — 5 n + 6 
when n = 2, ?/ = (ci — a:)€2'H-C2e^'; 
when n = 3, 2/ = <^i^' + (^2 + a7)e^^ 
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ft 

11. y = Cie«' + c,e'' + ^'^ + f^+^ e^. 

4 

12. y=:U-j^sin2x-^fc2--^ 

13. y = (Ci + C2X) sin x H- (cg 4- ^40?) cos a? 

.rx" 4(5a2+l)"| Sao; . 
4- — ■ i-— — ^ / cosaar — -— sin aa?; 

L(«-l) («'-!)' J (a^-l)' 

when a = 1, y^= (ci-\-C2X-{-j-jsmx 

+ (cs + c^x — ^- + —Jcosx. 

14. 2/ = <^i«"^ + (^2 — ^)^cos x + /cs + 2^)^sin a;. 



Art. 50. 
1. y=:cia^ + ^. 

b 
8. y = Ci sin log (a + bx) + Cg cos log (a -|- fta?) . 

4. 3/ = a;(CiSinloga; + C2COslogaj-|-loga;). 

6. 2/ = (2a?-l)[ci + C2(2a;-l)2 +C3(2a;-1) *]. 

6. y=[c, + c.log(x + l)]V^Ti + '^"^'^!''^/,^^^ 

Vic + 1 

"^ 225 

7 . y = (ci H- Cg log a;) sin log a; 4- (cg + C4 log a?) cos log x + (log x) ^ 

4-21oga: — 3. 

8. y = af*(cisin loga;** 4- C2C0S log a;** 4- loga;) . 

Art. 52. 

1. y = Ci4-C2a;4-C3ar^4-a^logaj. 

2. y = Ci 4- c'aaj 4- Cga^ 4- 04^^ — (a? 4- a)Mog Va? 4- a. 
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6. y=zCi-{-C2X + €s3(^ + C^0(^-he-'COSX, 

. ^ . 7cosa; cos^a; 
7. 2/ = Ci-|-C2« + C3irH r 






27 



Art. 54. 



r >,-< 



1. aaj = log (2/ H-V2/'H-Ci)H-C2, or 2/ = c'ie-* + C26 

2. aa; = sin-^^ 4- C2, or i/ = Cj sin (aa; + O . 

Cl 



4. a:V2n = Cilog-^^-:L=== 4-C2. 

6. 3a;=2a*(2/*-2cO(2/* + cO*4-C2. 

Art. 56. 

1. 2^ = Ciloga; + C2. 

2. b^y = log sec [a6 (a: + Ci) ] + Cg. 

5. y = ^ + a?/(ci)+C2. 

It 

a 

6. (aj-|-Ci)2+(y + C2V = «'- 

6. y = Caaj+(Ci*+l)log(^-<^)+<^- 

7. y = Cisin-^a;-f- (sin-^aj)2-|-C2. 

8. 2^ = -i~(aj + Ci2a2)* + C2iB + Os- 

lo Cl 
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9. 12y=ztt^-^Citv — Gw\ogw + C2, where W7 = a? + Cs. 

10. 2yVc~i=^w Vw^ + ci^ + CiHog {w -4- Vw?+~c?) + Cg, 
where t<; = a? + Cg. 



f = a:^ + CiX + C2. 

1 



1. 

2. log2/-l = 
3. 



Art. 58. 

4. CiO; =. log [ci3/ +/(ci)] -f- Cg. 

5. logy = Cie' -{- C2e-'. 



CiiC + Cg 



Art. 60. 



7f 



1. 



2. 



3. 



2a; = (2c2 — Ci — CgO^ ^? 
y = {Ci + c2t)e K 
-2cie-« + C2e-7% 

— e-**[(ci + Cg) sin « + (cg 
e~ ^' (Ci sin ^ + Cg cos i) . 



j2a?: 



Ci) cos ^] , 



2^ = Cie*** + C2e-"* + 



n^-l' 



aa; = — nci e"'' + TiCg e"*** — 



71^-1 



5. 



6. 



« = 



y = 



« = 



y = 






Cie-*' + Cje-'' + -^+^ 



54 ■ 40' 
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(x^c^e-' + c^e «'- — + — -—, 



7. 



8. 



19 e^' lie' 



2/ = - (Ci + Ca + CgO^"*' + 



36 



25 



9. 



'a;=: (ciSin^ + CgCosO^ "26" ~P' 

,2^ = [(<^2 - Ci) sin « - (C2 + Ci) cosf] e"*' - ^ + — . 



10. 



a? = 



10 lo 



^ ' ' 20 15 



F-4 



-3 



11. ^ 



fx^c^t-'+y 



12. 



y = C2e'-Cir*--. 

a? = aisin kt -|- Oscos A:f + a^^ 
y — hi sin A;f + ^a cos A;^ + 63, 
2; = Ci sin A;f + Cg cos kt + Cj, 

where A:* = P + m^ + n*. 



The arbitrary constants are connected by the following equa- 
tions : 

mci — nhi na-i — Ici Ibi — moi 



toi + mbi + nci = 0, 



I m n 



= A;, 



%^ ^ — S 
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a; s= Oisin (A; log*) + a2Cos (A; log*) -f- Oj, 
18. '{y = bi sin (A; log t) + h^ cos (A; log t) + &8, 
z = Cisin (A; log*) + Cg cos (A: log*) + C3, 

where A;^ = P -f- m^ -f- n*. 

The arbitrary constants are connected by the following equa- 
tions : 

mn (Ci — 61) __ nZ(ai— Ci) __ Im (bi — <h) ^i. 
Ia2 fnb2 nc2 

Poi + m^bi + v?Ci = 0, Og = 63 =C3. 



Art 62. 

a? = Ci sin w* + C2 cos n*, 
+ C4* — a. 






3. 



4. 



aj = (ci + Cg*) e* -f- (cs + C4*) e-' - 23, 

--2y= (ci — C2 + C2*)e'+ (C8 + C4 + C4*)e-* — 36. 

14 

r ^2/ . w* , ^'^\ 1 ~^/ • ^^^ I ^^\ 

x=e^ I Cism — =+C2C0S -p= l+e ^7 Cgsm— _+C4C0S— 7= I, 

V V2 V2/ V .V2 V2>' 



nt . ^^j. ^j. V _nt 






- Y - ?, 



8. -{ _8^ 1 

2; = 2(3c2 — Ci— C2aj)e* — Cg^ * ""3* 

where w = Cj e^* + (cg e*** + Cg e-*«) e*, 
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where w = (ci + Cja: + Cge^^^ + c^e"' ^)e', 

Art. 63. 

1. x = <^. 

2. 2/^ = 4 ooj + c, a parabola. 

8. ±{x + c)=\og(y + ^f-l),' 

or 2/ = I (€'+'' + e-''-') , a catenary. 

4. 4m2/ 4- c = 2 wa; V4m2iB2 __ i + log (2mx - V4m2a?2 — 1). 

5. ± (a? + c) = a log ( 2/ + V/ - a^) , 

±(a: + c)=alog2LtvZE«\ 

a 

from which ^ = |(e-+e •), a catenary. 

8. /pS _[. 2/2 = c^, a circle. 

7. iB^ + 2/2 — 2 C2/ = 0, a circle. 

8. 2 ic^ _|. ^2 __ 2 c^, an ellipse. 

9. 2^2 _ 2/2 == c^, an equilateral hyperbola. 

10. y^ + 3i^ = anoga^ + c. 

11. y = C3tf*, 

12. — ^- — = 1, an ellipse or hyperbola. 

7^2 __ ^2 ^2 

18. a;^ + 2/^ = «^? a parabola. 

14. oj^ + 2/^ = a^, a hyx)ocycloid. 

15. 2 a;2/ = a^, an equilateral hyperbola. 

16. c22r^-log2/^ = 4c(a; + c'). 
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17. cf (a; + c')2 = 1, a hyperbola, when n > ; an ellipse 

or hyperbola, when ti < 0. 

18. First, (a? + c')2 + 2/' = c2, a circle. 
Second, ± (a? -f- c') = clog {y + Vy^ — (?) , 

or ± (a; + c^) = clog ^ "^ ^'^ "" ^ , 



c 



from which y = -(e« -f-e « j, a catenary. 

19. First, a;-|-c' = cvers-^^-V2c^^^^, a cvcloid 

Second, (a + c') ^ = 2 cy - c^, a parabola. 
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The Method of Least Squares. 

With Numerical Examples of its Application. By George G. Com. 
STOCK, Professor of Astronomy in the University of Wisconsin, and 
Director of the Washburn Observatory. 8vo. Cloth, viii + 68 pages. 
Mailing price, $1.05; for introduction,' $1.00. 

College Requirements in Algebra: a nnai Review. 

By George Parsons Tibbets, A.M., Instructor in Mathematics, 
Williston Seminary. 12mo. Cloth. 46 pages. By mail, 55 cents ; to 
teachers and for introduction, 50 cents. 

Tj^ROM a wide collection of college papers about 400 examples, 
illustrating nearly every principle in Algebra, were selected 
and carefully arranged by subjects. 

Peirce's Elements of Logarithms. 

With an explanation of the author's Three and Four Place Tables. By 
Professor James Mills Peirce, of Harvard University. 12mo. Cloth. 
80 pages. Mailing price, 55 cents : for introduction, 50 cents. 

Mathematical Tables Chiefly to Four Figures. 

With full explanations. By Professor James Mills Peirce, of Har- 
vard University. 12mo. Cloth. Mailing price, 45 cents; for intro- 
duction, 40 cents. 

Elements of the Differential Calculus. 

With numerous Examples and Applications. Designed for Use as a 
College Text-Book. By W. E. Byerly, Professor of Mathematics, 
Harvard University. 8vo. 273 pages. Mailing price, $2.15 ; for intro- 
duction, $2.00. 

n^HE peculiarities of this treatise are the rigorous use of the 
Doctrine of Limits, as a foundation of the subject, and as 
preliminary to the adoption of the more direct and practically 
convenient infinitesimal notation and nomenclature ; the early 
introduction of a few simple fornmlas and methods for integrat- 
ing ; a rather elaborate treatment of the use of infinitesimals in 
pure geometry ; and the attempt to excite and keep up the interest 
of the student by bringing in throughout the whole book, and not 
merely at the end, numerous applications to practical problems in 
geometry and mechanics. 
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Elements of the Integral Calculus. 

Second Edition, revised and enlarged. By W. E. Byerly, Professor 
of Mathematics in Harvard University. 8vo. xvi + 383 pages. Mail- 
ing price, $2.15; for introduction, $2.00. 

nnHIS work contains, in addition to the subject^ usually treated 
in a text-book on the Integral Calculus, an introduction to 
Elliptic Integrals and Elliptic Functions ; the Elements of the 
Theory of Functions ; a Key to the Solution of Differential Equa- 
tions ; and a Table of Integrals. 



John E. Clark, Prof, of Mathe- 
matics , Sheffield Scientiftc School of 
Yale University: The additions to 
the present edition seem to me most 
judicious and to greatly enhance its 



value for the purposes of university 
instruction, for which in several im- 
portant respects it seems to me better 
adapted than any other American 
text-book on the subject. 



An Elementary Treatise on Fourier's Series, 

and Spherical, Cylindrical, and Ellipsoidal Harmonics, with Appli- 
cations to Problems in iltathematical Physics. 

By William E. Byerly, Ph.D., Professor of Mathematics, Harvard 
University. 8vo. Cloth, x + 288 pages. Mailing price, $3.15; for 
introduction, $3.00. 

npHIS book is intended as an introduction to the treatment of 

some of the important Linear Partial Differential Equations 

which lie at the foundation of modern theories in physics, and 

deals mainly with the methods of building up solutions of a 

differential equation from easily obtained particular solutions, in 

such a manner as to satisfy given initial conditions. 

Tobn Perry, Technical College, 
Flnsbury, London, England: Byer- 



ly 's book is one of the most useful 
books in existence. I have read it 
with great delight and I am happy 



to say that although it seemed to be 
written expressly for me, one of my 
friends who is a great mathemati- 
cian, seems as delighted with it as I 
am myself. 



A Short Table of Integrals. Revised and Enlarged. 

By B. O. Peirce, Prof. Math., Harvard Univ. 32 pages. Mailing 
price, 15 cents. Bound also with Byerly's Calculus. 

Byerly' s Syllabi. 

Each, 8 or 12 pages, 10 cents. The series includes, — Plane Trigonom- 
etry, Plane Analytical Geometry, Plane Analytic Geometry {Advanced 
Course), Analytical Geometry of Three Dimensions, Modern Methods 
in Analytic Geometry, the Theory of Equations. 
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Academic Trigonometry : Piane and sphencai. 

By T. M. Blakslbe, Ph.D. (Yale), Professor of Mathematics in Des 
Aioines College, Iowa. 12mo. Cloth. 33 pages. Mailing price, 30 
cents ; for introduction, 25 cents. 

rPHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 

entire subject can be mastered in less time than is usually given to 

Plane Trigonometry alone, as the work contains but 29 pages of text* 

The Plane portion is compact, and complete in itself. 

Examples of Differential Equations. 

By Gborqe a. Osborne, Professor of Mathematics in the Massachu- 
setts Institute of Technology, Boston. 12mo. Cloth, yii + 50 pages. 
Mailing Price, 60 cents; for introduction, 50 cents. 

A SERIES of nearly three hundred examples with answers, sys- 
"^ tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 

Selden J. Coffin, Prof, of AstroU' I ance is most timely, and it supplies 
omyy Lafayette College : Its appear- 1 a manifest want. 

Determinants. 

The Theory of Determinants: an Elementary Treatise. By Paul H. 
Hanus, B.8., recently Professor of Mathematics in the University of 
Colorado, now Assistant Professor, Harvard University. 8vo. Cloth, 
viii + 217 pages. Mailing price, $1.90 ; for introduction, $1.80. 

rjlHIS book is written especially for those who have had no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
san be presented without exceeding the limits of the treatise. 



William G. Peck, late Prof, of 
Mathematics, Columbia College , 
N. Y, : A hasty glance convinces me 
that it is an improvement on Muir. 



T. W. Wright, Prof, of MathemaU 
icSt Union Univ., Schenectady, ^. Y. : 
It fills admirably a vacancy in ouz 
mathematical literature, and is a 
v&ry welcome addition indeed. 
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Analytic Geometry. 



By A. S. Hardt, Ph.D., Recently Professor of Mathematics in Dart- 
mouth College, and author of Elements of Quaternions. 8vo. Clothe 
xiv -|- 239 pages. Mailing price, $1.60; for introduction, $1.50. 

^HIS work is designed for the student, not for the teacher. 
Particular attention has been given to those fundamental con- 
ceptions and processes which, in the author's experience, have been 
found to be sources of difficulty to the student in acquiring a grasp 
of the subject as a method of research. The limits of the work are 
fixed by the time usually devoted to Analytic Geometry in our 
college courses by those who are not to make a special study in 
mathematics. It is hoped that it will prove to be a text-hook which 
the teacher will wish to use in his class-room, rather than a hook oj 
reference to be placed on his study shelf. 



Qren Soot, Prof essor of Mathemat- 
ics, Hamilton College: It meets quite 
fully my notion of a text for our 
classes. I have hesitated somewhat 
about introducing a generalized dis- 
cussion of the conic in required work. 
I have, however, read Mr. Hardy's 
discussion carefully twice; and it 
seems to me that a student who can 
get the subject at all can get that. 
It is my present purpose to use the 
work next year. 

John E. Clark. Professor of Mathe- 
matics, Sheffield Scientific School of 
Tale College : I need not hesitate to 
say, after even a cursory examina- 
tion, that it seems to me a very at- 
tractive book, as I anticipated It 



would be. It has evidently been pre- 
pared with real insight alike into the 
nature of the subject and the difficul- 
ties of beginners, and a very thought- 
ful regard to both; and I think its 
aims and characteristic features will 
meet with high approval. While 
leading the student to the usual use- 
ful results, the author happily takes 
especial pains to acquaint him with 
the character and spirit of analytical 
methods, and, so far as practicable, to 
help him acquire skill in using them. 
John S. French, Dean of College 
of Liberal ArtSj Syracvse Univer- 
sity : It is a very excellent work, 
and well adapted to use in the reci- 
tation room. 



Elements of Quaternions. 



By A. S. Hardy, Ph.D., Recently Professor of Mathematics in Dart- 
mouth College. Second edition^ revised. Crown. 8vo. Cloth, viii 
-{- 234 pages. Mailing price, $2.15 ; for introduction, $2.00. 

npHE chief aim has been to meet the wants of beginners in the 
class-room, and it is believed that this work will be found 
superior in fitness for beginners in practical compass, in explana* 
tions and applications, and in adaptation to the methods of instruc- 
tion common in this country. 
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Elements of the Calculus. 



By A. S. Hardy, Ph.D., Recently Professor of Mathematics in Dart- 
mouth College. 8vo. Cloth, xi + 239 pages. Mailing price, $1.60; 
for introduction^ $1.50. 

rpHIS text-book is based upon the method of rates. The object 
of the DilEerential Calculus is the measuremeut and comparison 
of rates of change when the change is not uniform. Whether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, viz. : by let- 
ting it change at the rate it had at the instant in question and 
observing what this change is. It is this cliange which the Cal- 
culus enables us to determine, however complicated the lj,w of 
variation may be. From the author's experience in presenting the 
Calculus to beginners, the method of rates gives the student a more 
intelligent, that is, a less mechanical, grasp of the problems within 
its scope than any other. No comparison has been made between 
this method and those of limits and of infinitesimals. This largei 
view of the Calculus is for special or advanced students, for which 
this work is not intended ; the space and time which would be 
required by such general comparison being devoted to the applica^ 
tions of the method adopted. 

Part L, Differential Calculus, occupies 166 pages. Part II., Intet 
gral Calculus, 73 pages. 



George B. Merriman, formerly 
Prof, of Mathem. and Astron* RtU- 
gers College: I am glad to observe 
that Professor Hardy has adopted 
the method of rates in his new Calcu- 
lus, a logical and intelligent method, 
which avoids certain difficulties in- 
volved in the usual methods. 

J. B. Coit, Prof of Mathematics, 
Boston University : It pleases me 
very much. The treatment of the 
first principles of Calculus by the 
method of rates is eminently clear. 
Its use next year is quite probable. 

Ellen Hayes, Prof of Mathemat- 
ics, Wellesley College : I have found 



It a pleasure to examine the book. 
It must commend itself in many 
respects to teachers of Calculus. 

W. S. McDaniel, Prof of Mathe- 
matics, Western Maryland College: 
Hardy's Calculus and Analytic Ge- 
ometry are certainly far better books 
for the college class-room than any 
others I know of. The feature oi 
both books is the directness with 
which the author gets right at the 
very fact that he intends to convey 
to the student, and the force of his 
presentation of the fact is greatly 
augmented by the excellent arrange- 
ment of type and other features ei 
the mechanical make-up. 



